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We theoretically evaluate establishing remote entanglement between distinguishable matter qubits
through interference and detection of two emitted photons. The fidelity of the entanglement oper-
ation is analyzed as a function of the temporal and frequency mode-matching between the photons
emitted from each quantum memory. With a general analysis, we define limits on the absolute mag-
nitudes of temporal and frequency mode-mismatches in order to maintain entanglement fidelities
greater than 99% with two-photon detection efficiencies greater than 90%. We apply our analy-
sis to several selected systems of quantum memories. Results indicate that high fidelities may be
achieved in each system using current experimental techniques, while maintaining acceptable rates
of entanglement. Thus, it might be possible to use two-photon-mediated entanglement operations
between distinguishable quantum memories to establish a network for quantum communication and
distributed quantum computation.
PACS numbers: 03.67.Bg, 42.50.Ex
I. INTRODUCTION
Quantum information promises extraordinary ad-
vances over classical means of both communication and
computation. Quantum communication offers the poten-
tial to securely transfer information over long distances
[1], while quantum computation may enable processing
tasks that are intractable using classical methods, such as
efficient factorization and quantum simulations of many-
body systems [2]. The resources required for both of
these tasks may be established by photon-mediated long-
distance probabilistic entanglement between quantum
memories. Quantum memories allow photon-mediated
entanglement protocols to circumvent the detrimental ex-
ponential scaling associated with direct transmission [3–
5]. While remote entanglement has been demonstrated
between identical quantum memories [6–8], using dis-
tinguishable memories may be unavoidable when rely-
ing on fabricated devices such as optical cavities, solid-
state qubits, and spectral filters. The entanglement of
distinguishable quantum memories may also allow the
favorable characteristics of disparate systems to be ad-
vantaged. For instance, solid-state quantum memories
enable fast qubit operations and may be fabricated using
standard methods that include integration of an optical
cavity to increase photon collection efficiency and facil-
itate scaling a quantum network. On the other hand,
atomic quantum memories provide long information stor-
age times (seconds or more) [9, 10] that may be necessary
for quantum information processing.
Thus far, remote entanglement of hybrid quantum
memories has been achieved between a cavity-coupled
atom and a Bose-Einstein condensate [11]. There have
also been recent proposals for the remote entanglement
∗ aridyckovsky@gmail.com
of a quantum dot and a trapped ion using single-photon
interference [12], the local entanglement of ultracold de-
generate gases with cantilevers [13], as well as remote en-
tanglement between superconducting and atomic qubits
[14]. With the aim of hybrid entanglement, two-photon
interference between single photons from a quantum dot
and parametric down-conversion in a nonlinear crystal
has been demonstrated [15]. While each of these tech-
niques has various applications in quantum information,
it may be more beneficial to consider passively robust
entanglement protocols between remote quantum mem-
ories.
We analyze a generic protocol to establish remote en-
tanglement between a pair of distinguishable quantum
memories using a two-photon interference scheme. Unlike
single-photon entanglement protocols [12], two-photon
interference schemes are not interferometrically sensitive
to the optical pathlength [16], which may permit prac-
tical long-distance entanglement. Although a trade-off
exists between fidelity and efficiency for distinguishable
sources, this two-photon-mediated entanglement proto-
col has the potential to reach high fidelity while main-
taining an acceptable rate of entanglement. Therefore,
it might be possible to use remote entanglement opera-
tions between distinguishable quantum memories to es-
tablish a quantum repeater architecture [5] for practi-
cal long-distance applications in quantum communica-
tion and quantum computation.
In the following sections we overview the implementa-
tion of the remote entanglement operation between two
distinguishable quantum memories, and characterize the
fidelity of the protocol through a general analysis of the
two-photon interference. We then apply this protocol to
a few selected systems for the entanglement of accessi-
ble pairs of quantum memories: two spectrally filtered
atomic qubits, two cavity-coupled solid-state qubits, and
a single solid-state qubit and a single atomic qubit. These
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FIG. 1. Setup to establish remote hybrid entanglement be-
tween qubit 1 corresponding to a photon in spatial mode
m = 1 and qubit 2 corresponding to a photon in spatial mode
m = 2. Photons from each quantum memory are collected
through objective lenses, coupled into single-mode fibers, and
directed toward the beamsplitter (BS). The photons interfere
at the BS, and then photomultiplier tubes (PMTs) detect the
photons in spatial modes 3 and 4 in a given window of time.
The frequency filters are optional and are not part of the gen-
eral analysis in Secs. II and III, but are used in analysis of
selected systems in Sec. IV.
schemes may be implemented using previously demon-
strated experimental techniques, and thus may be acces-
sible by experiments in the near-term.
II. PROPOSED ENTANGLEMENT PROTOCOL
The envisioned basic setup for remote entanglement of
distinguishable quantum memories is illustrated in Fig. 1,
which closely resembles proven experimental implemen-
tations [8, 17–19]. Here the quantum memories may
be separated by an arbitrary distance, limited only by
the attenuation length of photons transmitted through
the optical fibers. After initialization and excitation of
each quantum memory, the spontaneously emitted pho-
tons are coupled into the optical fibers and are directed
to interfere at a 50:50 nonpolarizing beamsplitter (BS).
The interference and detection of these photons may be
used to project the quantum memories into an entangled
state.
Entanglement can be observed between photon and
matter qubits through a sequential method of qubit ini-
tialization, excitation, spontaneous emission, and detec-
tion. Initialization of each qubit (for instance by optical
pumping) prepares the qubit in the |0m〉 state depicted
in Fig. 2(a), where m denotes the input spatial mode of
a photon entering the BS corresponding to qubit m. A
laser pulse excites the quantum memory from |0m〉 to
|em〉 in Fig. 2(b). In Fig. 2(c), |em〉, with excited state
lifetime τm, spontaneously decays into a superposition of
qubit states |0m〉 and |1m〉, while emitting a photon in
a superposition of orthogonal states |Am〉 and |Bm〉 (e.g.
polarizations or frequencies). The matter-photon entan-
glement between the quantum memory and its emitted
photon may be described as |ψm〉 = |0mAm〉+|1mBm〉√2 .
FIG. 2. Generic matter-photon entanglement for a single
qubit. (a) Optical pumping transfers population into the |0m〉
ground state for initialization of a qubit m. (b) A laser res-
onant to the |0m〉 to |em〉 transition excites the qubit. (c)
The excited state |em〉 will decay into a superposition of the
ground spin states |0m〉 and |1m〉 while spontaneously emit-
ting a photon in a superposition of orthogonal states |Am〉
and |Bm〉, establishing matter-photon entanglement.
After the photons are emitted from each qubit in Fig. 1,
a product state |Ψ〉 = |ψ1〉|ψ2〉 exists between the two
matter-photon systems. As illustrated in Fig. 1, the pho-
tons interfere at the BS, and are then detected in a given
window of time by the photomultiplier tubes (PMTs). A
coincident detection at the PMTs ideally signals the ob-
servation of the post-selected maximally entangled Bell
state |ψ−hν〉 = |A3B4〉−|B3A4〉√2 of the photons. The detec-
tion of photons in the |ψ−hν〉 state heralds the probabilistic
entanglement of the matter qubits. The state of the two
quantum memories is then |ψ−qub〉 = |1102〉−|0112〉√2 , which
represents remote spin-spin entanglement between qubits
1 and 2 [16, 20, 21].
After creating the |ψ−qub〉 entangled state, the states of
the entangled qubits may be read out. The process to
detect each qubit state is dependent upon the structure
of each specific quantum memory and will be detailed for
each selected system in Sec IV.
III. PHOTON INTERFERENCE ANALYSIS
The fidelity of the above protocol depends critically
on the quality of the interference between photons, as
evaluated below. While the general interference anal-
ysis parallels to some extent the work in Ref. [22], we
have extended the analysis to characterize entanglement
fidelity in the general case of two qubits distinguishable
by both their frequency and temporal emission profiles.
Initially, a single, spontaneously emitted photon can be
expressed by either a temporal or frequency mode profile
[22]. The overlap of these profiles in the temporal and
frequency modes determines the quality of two-photon
interference, and can be evaluated as the probability of
coincident detection at the PMTs depicted in Fig. 1. We
use this probability of coincident detection to evaluate
the fidelity of the matter qubit entanglement following
joint detection of the interfered photons, as well as the
detection efficiency.
Embedded in this analysis is the consideration of po-
tential errors associated with the interference of photons
from distinguishable quantum memories, including tem-
3poral and frequency offsets. Temporal offsets can be ei-
ther a difference in arrival time of each photon at the BS
or a difference in excited state lifetimes, which determine
the temporal profiles of each photon. We incorporate dif-
ferences in excited state lifetimes in both the present and
later sections. Differences in arrival times can be opti-
mized by simply changing the photon pathlength to the
BS, which becomes important for analysis in Secs. IVA
and IVC. A frequency offset is a difference in the mean
values of the photon frequency mode profiles. Our anal-
ysis below demonstrates that a frequency offset may be
tolerated to some extent and may be reduced by using
either cavity-coupling or spectral filtering.
To begin, we consider a single emitted photon from a
quantum memory that may be described in the temporal
mode by the electric field operator
Eˆ+m(t) =
e−
t
2τm
−iωmtΘ(t)√
τm
aˆm, (1)
where ωm is the mean frequency of a photon emitted from
quantum memory m, Θ(t) is the Heaviside function, and
aˆm is the usual photon annihilation operator.
A temporal mode profile can be expressed for sponta-
neously emitted single photons as
Pm(t) = 〈ψm|Eˆ−m(t)Eˆ+m(t)|ψm〉
=
e−
t
τmΘ(t)
τm
, (2)
which is the time-dependent probability of spontaneous
emission from quantum memory m where |ψm〉 = aˆ†m|0〉.
The interference of two photons is evaluated in terms
of a joint detection probability (JDP), which describes
the likelihood of coincidentally detecting photons after
interference at a BS. Here we consider two cases of the
JDP, which are then compared to evaluate the quality
of the photon interference. First, the case that a time-
dependent JDP considers noninterfering photons (e.g.
orthogonally polarized photons) reduces to [17, 22, 23]:
Pj,D(t, td) = 〈ψ1a,2b|Eˆ−3a(t)Eˆ−4b(t+ td)Eˆ+4b(t+ td)Eˆ+3a(t)|ψ1a,2b〉+〈ψ1a,2b|Eˆ−3b(t)Eˆ−4a(t+ td)Eˆ+4a(t+ td)Eˆ+3b(t)|ψ1a,2b〉, (3)
where a and b denote orthogonal states with respect to
each other, |ψ1a,2b〉 = aˆ†1bˆ†2|0〉 is a state containing two
completely distinguishable photons (each in a different
spatial mode m = 1, 2), and time delay td is the interval
of time between successive detection events at the PMTs
depicted in Fig. 1. The electric field operators in Eq. 3,
written in terms of the output spatial modes m = 3 and
m = 4 of the BS depicted in Fig. 1 may be written in
terms of the input modes as [22]
Eˆ±3 (t) =
Eˆ±1 (t)− Eˆ±2 (t)√
2
, Eˆ±4 (t) =
Eˆ±1 (t) + Eˆ
±
2 (t)√
2
.
(4)
Using the electric field operator defined by Eq. 1, then
Eq. 3 can be written as
Pj,D(t, td) =
1
2
〈ψ1a,2b|Eˆ−1a(t)Eˆ−2b(t+ td)Eˆ+2b(t+ td)Eˆ+1a(t)|ψ1a,2b〉+
1
2
〈ψ1a,2b|Eˆ−2b(t)Eˆ−1a(t+ td)Eˆ+1a(t+ td)Eˆ+2b(t)|ψ1a,2b〉
=
e−
t(τ1+τ2)
τ1τ2
(
e−
td
τ1 + e−
td
τ2
)
Θ(t)Θ(t+ td)
2τ1τ2
. (5)
Integrating this over all time t yields the total JDP for
the noninterfering case:
PJ,D(td) =
∫ ∞
−∞
Pj,D(t, td) dt
=
e
− |td|
τ1
2(τ1 + τ2)
+
e
− |td|
τ2
2(τ1 + τ2)
, (6)
which demonstrates that interference does not occur be-
cause PJ,D(td) 6= 0 for td ∈ (−∞,∞) with no frequency
dependence. Because no interference occurs, each photon
is transmitted or reflected at the BS with random 50%
probability.
Second, the case that a time-dependent JDP considers
interfering photons (e.g. identically polarized photons
emitted from the two quantum memories) reduces to [17,
22, 23]:
Pj,R(t, td) = 〈ψ1,2|Eˆ−3 (t)Eˆ−4 (t+td)Eˆ+4 (t+td)Eˆ+3 (t)|ψ1,2〉,
(7)
where |ψ1,2〉 = aˆ†1aˆ†2|0〉. The electric field operators can
be related back to the spatial modes from which the pho-
tons were emitted using Eq. 4. With the electric field
operators expressed in spatial modes 1 and 2,
4Pj,R(t, td,∆ω) =
1
4
〈ψ1,2|Eˆ−1 (t)Eˆ−2 (t+ td)Eˆ+2 (t+ td)Eˆ+1 (t)|ψ1,2〉+
1
4
〈ψ1,2|Eˆ−2 (t)Eˆ−1 (t+ td)Eˆ+1 (t+ td)Eˆ+2 (t)|ψ1,2〉
−1
4
〈ψ1,2|Eˆ−1 (t)Eˆ−2 (t+ td)Eˆ+1 (t+ td)Eˆ+2 (t)|ψ1,2〉 −
1
4
〈ψ1,2|Eˆ−2 (t)Eˆ−1 (t+ td)Eˆ+2 (t+ td)Eˆ+1 (t)|ψ1,2〉
= −e
− 2t(τ1+τ2)2τ1τ2 e−
td(τ2+τ1(1+2iτ2∆ω))
2τ1τ2 Θ(t)Θ(t+ td)
2τ1τ2
+
Pj,D(t, td)
2
, (8)
where ∆ω = ω1 − ω2 is the frequency mode mismatch
between photons emitted from each quantum memory.
The total interfering JDP considering identically polar-
ized photons may be represented as
PJ,R(td,∆ω) =
∫ ∞
−∞
Pj,R(t, td,∆ω) dt
= − 1
2τ1τ2
∫ ∞
−∞
e−
2t(τ1+τ2)
2τ1τ2 e−
td(τ2+τ1(1+2iτ2∆ω))
2τ1τ2 Θ(t)Θ(t+ td) dt+
PJ,D(td)
2
= −cos(td∆ω)e
− |td|(τ1+τ2)2τ1τ2
2(τ1 + τ2)
+
PJ,D(td)
2
, (9)
which demonstrates that interference will always occur
when td is zero, and interference is still strong at all other
values of td with near-perfect frequency mode-matching
(|∆ω| ≪ 2τ1+τ2 ).
While we evaluate two-photon interference based on
known photon states (parallel or orthogonal), the en-
tanglement protocol depends upon the interference of
photons each defined by a superposition state represent-
ing matter-photon entanglement as described in Sec. II.
Thus, the fidelity of the entanglement, or the overlap be-
tween the target quantum state and measured quantum
state, is determined by the quality of the two-photon
interference, since ideally a coincident detection only oc-
curs when the photons are in the |ψ−hν〉 state. The detec-
tion of |ψ−hν〉 would then swap the entanglement of the
photons to the quantum memories. The characteristics of
this event are analyzed in terms of fidelity and detection
efficiency below.
Fidelity may be derived from maximum and minimum
correlated intensities (Imax and Imin, respectively) that
accumulate in a window of timeW for which the PMTs in
Fig. 1 are open for detection. The correlated intensities
are combined to measure the interferometer visibility
V (W,∆ω) =
Imax − Imin
Imax + Imin
, (10)
which characterizes the overall quality of the two-photon
interference at the BS [17]. First, the maximum corre-
lated intensity Imax corresponds to the case of noninter-
fering photons, and is defined as
Imax =
∫ W/2
−W/2
PJ,D(td) dtd
=
1
τ1 + τ2
∫ W/2
0
(
e−
td
τ1 + e−
td
τ2
)
dtd
=
τ1
(
1− e− W2τ1
)
+ τ2
(
1− e− W2τ2
)
τ1 + τ2
. (11)
Second, the minimum correlated intensity Imin corre-
sponds to the case of interfering photons, and is defined
as
Imin =
∫ W/2
−W/2
PJ,R(td,∆ω) dtd
= − 1
τ1 + τ2
∫ W/2
0
cos (td∆ω)e
− td(τ1+τ2)2τ1τ2 dtd +
Imax
2
=
2τ1τ2e
−W (τ1+τ2)4τ1τ2
[
2τ1τ2∆ω sin
(
W∆ω
2
)
+ (τ1 + τ2)
(
e
W (τ1+τ2)
4τ1τ2 − cos (W∆ω2 )
)]
(τ1 + τ2) (τ21 (4∆ω
2τ22 + 1) + 2τ1τ2 + τ
2
2 )
+
Imax
2
. (12)
The fidelity may be represented in terms of visibility as [17]
F (W,∆ω) =
1
2− (V (W,∆ω))2 , (13)
5where we assume negligible frequency differences between
the two relevant transitions within each quantum mem-
ory.
The fidelity for any probabilistic entanglement proto-
col is irrelevant without also evaluating efficiency. Effi-
ciency describes the success probability of the entangle-
ment protocol, and therefore must be high enough for
practical quantum communication and quantum compu-
tation. The efficiency of two-photon detection
η(W ) =
∫ W
0
P1(t) dt×
∫ W
0
P2(t) dt
=
(
1− e−Wτ1
)(
1− e−Wτ2
)
(14)
defines the probability of detection within a finite W .
While this generic detection efficiency assumes neither
technical nor experimental losses, the analysis of selected
systems below will consider both a net efficiency and an
estimated rate of entanglement, which include probabil-
ities of emission, transmission, and detection.
Both a temporal mode mismatch (τ1 6= τ2) and a
frequency mode mismatch (∆ω 6= 0) will degrade two-
photon interference and thus contribute to entanglement
fidelity loss. Although this loss in fidelity can be com-
pensated for by reducing the detection window W , this
is only possible at the expense of reduced efficiency. In
Fig. 3 we show a three-dimensional solid region composed
of coordinates (∆ω, τ2,W ) in units of τ1 in which fideli-
ties > 99% and two-photon detection efficiencies > 90%
are possible. As is clearly illustrated, in principle, high
fidelities are possible even when using emission sources
that differ significantly in both frequency and time.
IV. PROTOCOL AND ANALYSIS FOR
SELECTED SYSTEMS
In Sec. III we analyzed the general results and limi-
tations of a two-photon-mediated entanglement protocol
when offsets are present in the temporal and frequency
modes. That analysis may be applied to the entangle-
ment of several different specific systems of quantum
memories that are nominally or experimentally distin-
guishable, or both. The following subsections describe
entanglement protocols for three different selected sys-
tems of distinguishable quantum memories: two atomic
qubits, two solid-state qubits, and hybrid qubits. Ex-
tensions from the general protocol in each scenario are
currently feasible with previously demonstrated experi-
mental techniques, showing the current applicability of
our analysis in various settings.
A. Two Atomic Qubits
The general techniques in Sec. II may be used to an-
alyze the entanglement between nominally identical re-
mote atomic qubits, which become distinguishable with
FIG. 3. Region representing combinations of ∆ω, τ2, and W ,
in units of τ1, that permit F (W,∆ω) > 99% and η(W ) >
90% for the entanglement of two distinguishable qubits. It is
apparent that even with substantial photon mode-mismatches
high fidelities and detection efficiencies are possible.
experimental fabrication of spectral modifiers. These
spectral modifiers, specifically frequency filters, can be
necessary to inhibit specific transitions when multiple hy-
perfine manifold decay channels are present [24]. The ad-
vantage is that transitions to states with such decay chan-
nels often provide longer-wavelength emissions, maximiz-
ing the attenuation length in optical fiber. Specifically,
here we consider each quantum memory (qubits 1 and
2 in Fig. 1) to be a 137Ba+ atom confined in a linear
radiofrequency (rf) Paul trap [25]. A spectral frequency
filter is included along the path of photons emitted from
each trapped 137Ba+ atom to inhibit the observation
of unwanted frequencies [26]. We have also outlined in
Fig. 4 the processes of excitation, emission, and detection
for establishing entanglement after initialization by opti-
cal pumping into the 2S1/2|F = 2,mF = 0〉 state. The
requirements and effects of the above mentioned spectral
modifiers are detailed below.
In this protocol, spectral filtering [28, 29] of photons
emitted from 137Ba+ is used to observe only the transi-
tion from 2P1/2|F = 1,mF = 0〉 to 2D3/2|F = 1,mF =
±1〉, suppressing the observation of photons from tran-
sitions to 2D3/2|F = 2,mF = ±1〉. This can be done
with an external Fabry-Perot cavity resonant at the de-
sired transition frequency. The P -D transition was cho-
sen as it provides a wavelength more practical than the
P -S transition for transmission over long-distances. This
same technique could also be employed for other atomic
ions such as Sr+ or Ca+.
In order to analyze the photon interference in the pres-
6FIG. 4. (a) A 493.5 nm laser excites 137Ba+ from the 2S1/2 |F = 2, mF = 0〉 state into the
2P1/2 |F = 1, mF = 0〉 excited
state. (b) With natural lifetime τion = 8 ns,
2P1/2 can decay into the
2D3/2 metastable state by spontaneously emitting a
photon at a wavelength of λm = 650 nm. The transition from
2P1/2 |F = 1,mF = 0〉 to
2D3/2 |F = 1,mF = ±1〉 can establish
spin-polarization entanglement between a spontaneously emitted photon and 137Ba+ [27]. The filter [28, 29] from Fig. 1 is used
to observe transitions only to the F = 1 hyperfine level of 2D3/2. In addition, photons with pi-polarization are excluded by
observing along a quantization axis defined by an external magnetic field [30]. (c) Read-out of the 137Ba+ qubit spin state.
Microwave radiation transfers population from 2D3/2 |F = 1,mF = +1〉 to
2D3/2 |F = 0, mF = 0〉. Resonant light between
2D3/2 and
2P1/2, along with resonant light between
2S1/2 and
2P1/2, then produces fluorescence only if the atom is projected
into the state 2D3/2|F = 1, mF = −1〉.
ence of the two relevant transitions in 137Ba+, we define
the electric field operator
Eˆ+m(t) =
e−
t
2τm
−iωmtΘ(t)√
τm
×
[√
Lmaˆm +
√
1− Lme−iωhfstbˆm
]
, (15)
where Lm is the natural transition probability to observe
the 2P1/2|F = 1,mF = 0〉 to 2D3/2|F = 1,mF = ±1〉
transition, ωhfs is the hyperfine frequency splitting be-
tween 2D3/2|F = 1〉 and 2D3/2|F = 2〉, and operators aˆm
and bˆm are used to represent the different (distinguish-
able) transitions.
To obtain the frequency mode profile of an emitted
photon from 137Ba+, we first take the Fourier transform
of the electric field operator from Eq. 15
sˆm(ω
′) =
1√
2pi
∫ ∞
−∞
Eˆ+m(t)e
iωt dt (16)
=
√
2τm
pi
[ √
Lm
1− 2iτmω′ aˆm
+
√
1− Lm
1− 2iτm(ω′ − ωhfs) bˆm
]
,
where ω′ = ω − ωm. Then the normalized unfiltered
frequency mode profile is
Sm(ω
′) = 〈ψm|sˆ†m(ω′)sˆm(ω′)|ψm〉 (17)
=
2τm
pi
[
Lm
1 + 4τ2m(ω
′)2
+
1− Lm
1 + 4τ2m(ω
′ − ωhfs)2
]
,
where |ψm〉 =
(
aˆ†m + bˆ
†
m
)
|0〉. Using a filter resonant at
ωm, the filtered frequency mode profile becomes
Sm,f (ω
′) = T (ω′)Sm(ω′), (18)
where T (ω′) = 〈f∗(ω′)f(ω′)〉 [31] is the frequency-
dependent transmission of light through the filter and
f(ω′) =
piκm
piκm − 2i(ω′) (19)
is the filter mode function [32] where κm =
pic
F l is the
cavity decay rate of the spectral filter with speed of light
c, cavity finesse F , and cavity length l [33]. Both the
unfiltered and filtered frequency mode profiles are shown
in Fig. 5 to exemplify the full effects of the filtering when
including the relative strengths of the wanted and un-
wanted transitions.
With filtering effects accounted for in the frequency
mode, we transition back into the temporal mode for
further analysis. After filtering, a single emitted photon
in spatial mode m from 137Ba+ may be described in the
temporal mode by the electric field operator
7Eˆ+m,f (t) =
1√
2pi
∫ ∞
−∞
f(ω − ωm)sˆm(ω − ωm)e−iωt dω (20)
= piκm
√
τme
−iωmtΘ(t)


√
Lm
(
e−
tpiκm
2 − e− t2τm
)
1− piκmτm aˆm +
√
1− Lm
(
e−
t
2τm
−iωhfst − e− tpiκm2
)
piκmτm − 2iωhfs − 1 bˆm

 .
In the likely situation that the photon mode profiles are
nonidentical due to distinguishable filter cavities in each
mode, quality of two-photon interference may benefit by
imposing an intentional temporal offset in the arrival
time of emitted photons at the BS. We thus incorpo-
rate a temporal mode-mismatch, ∆t, in the electric field
operators for emitted photons in mode m = 1, so that
Eˆ±1,f (t) ⇒ Eˆ±1,f (t − ∆t). Experimentally, this temporal
offset may be manipulated by simply changing the path-
length of mode m = 1. Utilizing the steps delineated in
Sec. III, relevant temporal mode profiles and JDP cases
may now be derived using Eˆ±1,f (t−∆t) and Eˆ±2,f (t).
Further substituting the electric field operators of this
subsection into the general analysis, we may determine
the entanglement fidelity of this ion-ion system. Fidelity
is compared to a net efficiency
Pions(W ) = ϑ
[
ηions(W ) (θξDPMTTfibTopt)
2
]
, (21)
where ϑ = 0.25 is the probability of detecting |ψ−hν〉,
ηions(W ) is the two-photon detection efficiency for this
system defined by Eq. 14, ξ ≈ 0.15 is the relative branch-
ing ratio of σ-polarized emissions from 137Ba+ transitions
into the F = 1 and F = 2 hyperfine levels depicted in
Fig. 2b [34, 35], θ = 0.12 is the collection efficiency of
137Ba+ [36], DPMT = 0.25 is the quantum efficiency
of each PMT, Tfib = 0.30 accounts for coupling and
transmission efficiencies of necessary optical fibers, and
Topt = 0.95 is the transmission efficiency of necessary
optics. The rate of entanglement generation is given by
Γions(W ) = ΓrepPions(W ), (22)
where we take Γrep = 5 MHz based on recently demon-
strated methods of qubit state preparation [37].
Figure 6 shows a solid region composed of coordinates
(∆ω, κ1,∆t), which provide fidelities > 99% and rates of
entanglement > 0.1 Hz when detecting during a reason-
able windowW = 45 ns. The remote entanglement there-
fore may maintain acceptable results even under unavoid-
able mode-mismatches caused by distinguishable filter
cavities, especially when introducing experimentally op-
timal temporal offsets. In addition, the use of σ-polarized
photons may enable greater photon collection efficiencies,
and thus greatly increases entanglement rates, in the near
future [38, 39].
Although we have specifically analyzed the 137Ba+
atom, the above procedure is generally applicable to any
atomic ion with a low-lying D-state where transition
wavelengths may be more practical for longer-distance
transmission (e.g., Sr+ or Ca+).
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FIG. 5. The σ-polarized emission spectrum of 137Ba+ for the
2P1/2|F = 1〉 to
2D3/2 transition before (dashed line) and
after (solid line) frequency filtering. The transition prob-
abilities are 3/8 to 2D3/2|F = 2,mF = ±1〉 and 5/8 to
2D3/2|F = 1,mF = ±1〉 [34, 35]. Here the desired transi-
tion to 2D3/2|F = 1,mF = ±1〉 is centered at
ω′
2pi
= ν′ =
ν − νm = 0, the other transition to
2D3/2|F = 2,mF = ±1〉
is centered at νhfs = −0.335 GHz [34], and κm = 0.05 GHz.
B. Two Solid-State Qubits
In another extension of the generic protocol in Sec. II
we consider the remote entanglement of two low-
temperature solid-state matter qubits. Specifically, we
apply our analysis to the entanglement of two nitrogen-
vacancy (NV) centers through the interference of emit-
ted photons at the zero-phonon line (ZPL) near 637
nm. Interference has recently been demonstrated be-
tween photons emitted by NV centers [40, 41] without
cavity-coupling. Due to a low emission probability at
the ZPL [42], we instead consider the fabrication of a cav-
ity resonant at the ZPL of each NV center for enhanced
spontaneous emission and collection. Given unavoidable
distinguishability between fabricated cavities, our follow-
ing analysis demonstrates the limits of entangling NV
centers in terms of the quality factor of each cavity. Fol-
lowing the recent experimental demonstration of entan-
glement between an NV center and a single photon [42],
in Fig.7 we review the processes of excitation, emission,
and detection for achieving entanglement following ini-
tialization by optical pumping into the 3A2 |ms = 0〉
state.
Cavity-coupling of an NV center may be necessary to
enhance the emission rate of photons characterized by
the ZPL wavelength λZPL = λm = 637 nm. In order for
8FIG. 6. Region representing combinations of ∆ω, κ1, and
∆t that permit F (W = 45 ns,∆ω) > 99% and Γions(W =
45 ns) > 0.1 Hz for the entanglement of two 137Ba+ atoms.
Here τ1 = τ2 = 8 ns is the natural excited state lifetime and
κ2 = 0.05 GHz. It is clear that high fidelities and rates of
entanglement can be achieved as long as |∆ω| < 0.005 GHz,
0.040 < κ1 < 0.057 GHz, and −0.8 < ∆t < 0.7 ns.
this to be done with high efficiency, in this analysis we
incorporate the fabrication of a photonic crystal cavity to
the NV center corresponding to each mode m, which has
been successfully demonstrated with a single NV cen-
ter in previous experiments [43]. The general emission
enhancement of each NV center caused by the cavity-
coupling may be determined using the Purcell factor
p(Qm) =
3Qm
4pi2Vcav
(
λm
ncav
)3
, (23)
assuming no spatial or resonance offsets exist between the
cavity and the NV center, where Qm is the quality factor,
λm = λZPL is the resonant wavelength, n is the index of
refraction, and Vcav is the effective cavity mode volume.
Following the assumption that a photonic crystal cavity
may be fabricated with Vcav ∼
(
λm
ncav
)3
[43], the relevant
Purcell factor is
p(Qm) =
3Qm
4pi2
. (24)
The Purcell factor in Eq. 24 may be utilized to compute
the cavity-enhanced lifetime [44, 45]
τm =
τ0
1 + p(Qm)ξ0,ZPL
, (25)
where ξ0,ZPL = 0.03 [42, 44] is the natural branching
ratio of photon emissions at the ZPL.
Unlike the scenario in Sec. IVA, a cavity-coupled NV
center may be described in the temporal mode with an
electric field operator that is analogous to that expressed
in Eq. 1. However, a difference occurs due to the sub-
stitution of the righthand side of Eq. 25 in the place of
τm, where distinguishability arises between each fabri-
cated cavity-coupled NV center from the variability of
Qm. Then, employing the steps outlined in Sec. III, the
necessary temporal mode profiles and JDPs may be de-
rived for the calculation of entanglement fidelity and ef-
ficiency of entanglement. Fidelity of the entanglement
of two cavity-coupled NV centers is compared to a net
efficiency
PNV s(W ) = ϑ
[
ηNV s(W )ξp,1ξp,2β1β2 (DPMTTfibTopt)
2
]
,
(26)
where ϑ, Tfib, DPMT , and Topt are taken to be the
same as in Sec. IVA, ηNV s(W ) is the two-photon de-
tection efficiency of this system based on Eq. 14, ξp,m =
ξ0,ZPL(3Qm+4pi2)τ0
3Qmξ0,ZPL+4pi2
is the cavity-enhanced branching ra-
tio of the NV center emissions at the ZPL [44], and
βm =
p(Qm)
p(Qm)+1
is the fraction of photons emitted into
the cavity mode in the weak-coupling regime, which we
take as the effective collection efficiency [46, 47]. The
entanglement rate for two cavity-coupled NV centers is
then
ΓNV s(W ) = ΓrepPNV s(W ), (27)
which follows the convention used in Eq. 22, where here
we consider Γrep = 100 kHz [42]. In Fig. 8 we illustrate
a solid region composed of coordinates (∆ω,Q1,W ) with
Q2 = 500, where the protocol achieves fidelities > 99%
and rates of entanglement > 25 Hz. Thus, the remote
entanglement of solid-state color centers has the ability
to uphold exceptional results under distinguishability in
cavity fabrication.
C. Hybrid Qubits
For our final extension to the general protocol in
Sec. II we consider the hybrid entanglement of a low-
temperature solid-state matter qubit and an atomic mat-
ter qubit. As aforementioned in Sec. I, a proposal exists
to establish hybrid entanglement between a semiconduc-
tor InAs quantum dot and a trapped 171Yb+ atom using
a single-photon interference scheme [12]. In the following
analysis we evaluate the hybrid entanglement between
the same two quantum memories using the two-photon
interference scheme presented in the above sections.
Existing proposals for the remote entanglement of two
charged quantum dots consider both single-photon inter-
ference [48] and two-photon interference [49]. For two-
photon interference, Ref. [49] utilizes entanglement be-
tween emissions from trion decays and qubit spin states
in the lowest levels. Our extended entanglement protocol
includes a similar convention. We assume initialization
of the quantum dot may be done by creating a superpo-
sition |1/2〉+|−1/2〉√
2
between spin states using single-qubit
9FIG. 7. (a) After optical pumping to the 3A2 |ms = 0〉 state, a microwave pulse transfers population to
3A2 |ms = +1〉 [42].
Then, a 637 nm pulse excites the NV center into the A2 excited state with natural lifetime τ0 = 12 ns. (b) The transition to
3A2 |ms = ±1〉 can establish spin-polarization entanglement between a spontaneously emitted photon and an NV center [42].
With cavity-coupling, only photons at the zero-phonon line with the wavelength of 637 nm will be observed. (c) Read-out of
the NV center qubit spin state [42]. Microwave radiation transfers population from 3A2 |ms = +1〉 to
3A2 |ms = 0〉. Resonant
light at 637 nm between 3A2|ms = 0〉 and Ey causes fluorescence only if the original state was
3A2 |ms = +1〉. Ideally, no
scattered photons would be detected if the qubit was initially in the state 3A2 |ms = −1〉.
FIG. 8. Region representing combinations of Q2, ∆ω, and
W that permit F (W,∆ω) > 99% and ΓNV s(W ) > 25 Hz
for the entanglement of two NV centers. Here we assume
that τ0 = 12 ns is the natural excited state lifetime for both
NV centers, and Q2 = 500 characterizes the lower quality
cavity. The results for this system are most similar to those in
Sec. III because we observe single-exponential decay profiles
in both photons. Thus, it is clear that high fidelities and
rates of entanglement can be reached for |∆ω| < 0.025 GHz,
400 < Q1 < 800, and W > 15 ns.
rotation. The process of establishing matter-photon en-
tanglement between an emitted photon and a quantum
dot is described by Fig. 9(a)-(c). We assume an excited
state lifetime of the trion level τQD ∼ 0.3 ns [49, 50]; the
transition wavelength of interest is 935 nm, which is near
the relevant 171Yb+ transition.
The protocol for matter-photon entanglement with
171Yb+ employs the transition from 3[3/2]1/2 to
2D3/2
with emission wavelength 935 nm and 3[3/2]1/2 excited
state lifetime τY b = 37.7 ns [17, 51]. The process for
establishing matter-photon entanglement with 171Yb+ is
detailed in Fig. 9(d)-(f).
As a result of the selection rules for both the selected
quantum dot and 171Yb+ transitions, spectral filtering is
not required to use the σ-polarized transitions to the low-
lying D level as it was with 137Ba+. However, we include
a spectral filter only in the path of the quantum dot emis-
sions to improve temporal mode-matching [52]. With the
effects of filtering accounted for, the quantum dot emits
photons in mode m = 1 that may be described with elec-
tric field operators Eˆ±1,f (t) based on Eq. 20 when L1 = 1
and 171Yb+ emits photons in mode m = 2 that may be
described with electric field operators Eˆ±2 (t) based on
Eq. 1. Due to the different types of electric field opera-
tors for each qubit emission, we incorporate a temporal
offset ∆t in the quantum dot emission so that its electric
field operators become Eˆ±1,f (t)⇒ Eˆ±1,f (t−∆t), as is done
in Sec. IVA.
As with the earlier selected systems, the derivations
follow the step-by-step methods in Sec. III to determine
fidelity and two-photon detection efficiency. The net ef-
ficiency is
Phyb(W ) = ϑ
[
ηhyb(W )ξ1ξ2θ1θ2 (DPMTTfibTopt)
2
]
,
(28)
where ϑ, DPMT , Tfib, and Topt are taken to be the same
as in Sec. IVA, ηhyb(W ) is the two-photon detection ef-
ficiency of this system based on Eq. 14, ξ1 ∼ 1 is the as-
sumed branching ratio of the relevant quantum dot tran-
sition, ξ2 = 0.018 is the branching ratio of the relevant
171Yb+ transition [53], θ1 = 0.10 is the collection effi-
ciency of quantum dot emissions [54], and θ2 = 0.12 is
the collection efficiency of 171Yb+ emissions [36]. The
entanglement rate between a quantum dot and a single
10
FIG. 9. (a) After initializing the ground state of the quantum dot in the superposition |1/2〉+|−1/2〉√
2
, a laser pulse resonant
at 935 nm excites the quantum dot into a superposition of trion spin states |3/2〉T+|−3/2〉T√
2
. (b) The superposition of trion
states will decay after excited state lifetime τQD = 0.3 ns, emitting a single photon in a superposition of circular polarization
states. (c) Read-out of the quantum dot qubit. A σ−-polarized beam resonant at the | − 1/2〉 to | − 3/2〉T transition (935
nm) is applied to the quantum dot. If projected into the | − 1/2〉 state, fluorescence will be detected, while if in the |1/2〉
state, no fluorescence will be detected. (d) After initializing Yb+ into 2S1/2|F = 1, mF = 0〉 using optical pumping, a laser
pulse resonant at 297 nm excites the ion into 3[3/2]1/2|F = 0,mF = 0〉. (e)
3[3/2]1/2 |F = 0, mF = 0〉 will decay with excited
state lifetime τY b = 37.7 ns into a superposition of spin states
2D3/2|F = 1, mF = ±1〉 while emitting a single photon in a
superposition of circular polarization states; photons with pi-polarization are excluded by observing along a quantization axis
defined by an external magnetic field [30]. (f) Read-out of the 171Yb+ qubit. Microwave radiation transfers population from
2D3/2|F = 1,mF = +1〉 to
2D3/2|F = 1,mF = +2〉. Light resonant at the
2D3/2|F = 1〉 to
3[3/2]1/2|F = 0〉 transition (935
nm) and the 2S1/2|F = 1〉 to
2P1/2|F = 0〉 transition (370 nm) are applied to
171Yb+. If the atom is projected into the
2D3/2|F = 1, mF = −1〉, fluorescence will be detected, while if in
2D3/2|F = 1,mF = +1〉, no fluorescence will be detected.
171Yb+ atom is then
Γhyb(W ) = ΓrepPhyb(W ), (29)
which follows the convention used in Eq. 22, where we
take Γrep = 5 MHz [37]. In Fig. 10 we illustrate a solid
region composed of coordinates (∆ω, κ1,∆t), where fi-
delities > 99% and rates of entanglement > 0.002 Hz
are possible when detecting during a reasonable window
W = 42 ns. Thus, the remote entanglement of these
hybrid qubits has the ability to uphold interesting re-
sults when appropriate experimental techniques are im-
plemented.
While we have analyzed the entanglement specifically
between a quantum dot and 171Yb+, a similar protocol
may be utilized for the entanglement between a quantum
dot and either 87Sr+ or 43Ca+. Each of these ions behave
like 137Ba+ as in Sec. IVA, and thus frequency filtering
may be required for two-photon interference. The rele-
vant transitions of 87Sr+ and 43Ca+ have much broader
linewidths than 171Yb+, which may allow for improved
pairing of fidelity and rate of entanglement [55]. Addi-
tionally, cavity-coupling techniques [56, 57] could be used
to substantially increase the fidelity and efficiency of the
system, at the cost of increased experimental complex-
ity. Finally, larger frequency differences between qubits
may be mediated by the tunability of solid-state systems
[58–60] or through translation of photon frequencies [61].
V. CONCLUSION
We have shown that a robust two-photon interference
protocol can be used to entangle distinguishable quantum
memories with high fidelities and rates. A general analy-
sis demonstrates that entanglement fidelities > 99% and
detection efficiencies > 90% are possible even with sig-
nificant mismatches in the frequency and temporal char-
acteristics of the photons. By applying this analysis to
three relevant systems, we illustrate both the utility of
the calculations and their applicability to current exper-
imental efforts. Moreover, the general analysis presented
here can be easily extended to other pairs of quantum
memories. Overall, this evaluation elucidates the possi-
bility of establishing remote entanglement between hy-
brid quantum memories that relies only on passive filter-
ing and the passive stability inherent in the two-photon
interference scheme. Ultimately, this type of stalwart
architecture may be crucial for the realization of long-
distance quantum communication and distributed quan-
tum computation.
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